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Simplifying 5-point tensor reduction ∗
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AND
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The 5-point tensors have the property that after insertion of the metric tensor
gµν in terms of external momenta, all gµν -contributions in the tensor decompo-
sition cancel. If furthermore the tensors are contracted with external momenta,
the inverse 5-point Gram determinant ()5 cancels automatically. If the remaining
4-point sub-Gram determinant
(
s
s
)
5 is not small then this approach appears to be
particularly efficient in numerical calculations. We also indicate how to deal with
small
(
s
s
)
5. Explicit formulae for tensors of degree 2 and 3 are given for large and
small (sub-) Gram determinants.
PACS numbers: 12.15.Ji, 12.20.Ds, 12.38.Bx
1. Introduction
In [1] we have worked out an algebraic method to present one-loop tensor inte-
grals in terms of scalar one-loop 1-point to 4-point functions. The tensor integrals
are defined as
Iµ1···µRn =
∫ ddk
ipid/2
∏Rr=1 kµr
∏nj=1 c j
, (1.1)
with denominators c j,
c j = (k−q j)2−m2j + iε . (1.2)
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(1)
2For the tensor decomposition we use Davydychev’s approach [2], recursion rela-
tions as given in [3] and make detailed use of modified Cayley determinants intro-
duced for this purpose in [4]. For these techniques and details of definitions we
ask the reader to to consult [1]. The following linear combinations of the chords
have proven as particularly useful:
Qµs =
5
∑
i=1
qµi
(
s
i
)
5
()5
, s = 0 · · ·5, (1.3)
Qt,µs =
5
∑
i=1
qµi
(
st
it
)
5(t
t
)
5
, s, t = 1 · · ·5. (1.4)
2. Explicit examples
According to [2] we write the tensor of rank 2 as ([d+]l = d +2l, d = 4−2ε)
Iµ ν5 =
4
∑
i, j=1
qµi q
ν
j νi j I
[d+]2
5,i j −
1
2
gµν I[d+]5 . (2.1)
Inserting
1
2
gµ ν =
5
∑
i, j=1
( i
j
)
5
()5
qµi q
ν
j (2.2)
and using the recursion relation
νi jI
[d+]2
5,i j = −
(0
j
)
5
()5
I[d+]5,i +
5
∑
s=1,s 6=i
(
s
j
)
5
()5
I[d+],s4,i +
( i
j
)
5
()5
I[d+]5 , (2.3)
we see that the gµν terms in (2.1) cancel with the result
Iµ ν5 = I
µ
5 Qν0 −
5
∑
s=1
{
Qs,µ0 Is4−
5
∑
t=1
Qs,µt Ist3
}
Qνs , (2.4)
Iµ5 = EQµ0 −
5
∑
s=1
Is4Qµs , E =
1(0
0
)
5
5
∑
s=1
(
s
0
)
5
Is4. (2.5)
A more direct approach is the use of the 5-point recursion in terms of 4-point
functions [5],
Iµ1...µR−1µ5 = I
µ1...µR−1
5 Qµ0 −
5
∑
s=1
Iµ1...µR−1,s4 Qµs . (2.6)
3This formula in general takes into account some cancellations of the gµν . Only
gµν -contributions from 4-points have still to be dealt with - and they are simpler to
handle. This we demonstrate for the tensor of degree 3. As a special case of (2.6)
we have
Iµνλ5 = I
µν
5 ·Qλ0 −
5
∑
s=1
Iµν ,s4 ·Qλs . (2.7)
The corresponding 4-point function reads (q5 = 0):
Iµν ,s4 =
4
∑
i, j=1
qµi q
ν
j νi jI
[d+]2,s
4,i j −
1
2
gµν I[d+],s4 ,
νi jI
[d+]2,s
4,i j = −
(0s
js
)
5(
s
s
)
5
I[d+],s4,i +
( is
js
)
5(
s
s
)
5
I[d+],s4 +
5
∑
t=1
(ts
js
)
5(
s
s
)
5
I[d+],st3,i , (2.8)
and with ( is
js
)
5(
s
s
)
5
=
(i
j
)
5
()5
−
(
s
i
)
5
(
s
j
)
5
()5
(
s
s
)
5
(2.9)
we again observe the possibility to cancel gµν with the result
Iµν ,s4 = Qs,µ0 Qs,ν0 Is4−
()5(
s
s
)
5
Qµs Qνs I[d+],s4 −
5
∑
t=1
{Qs,µt Qs,ν0 Ist3 +Qs,νt Iµ ,st3 } ,
Iµ ,st3 = −
4
∑
i=1
qµi I
[d+],st
3,i = Qst,µ0 Ist3 −
5
∑
u=1
Qst,µu Istu2 . (2.10)
3. Contracting the tensor integrals
Scalar expressions, contracting with chords, are
qi1µ1 · · ·qiR µR I
µ1···µR
5 =
∫ ddk
ipid/2
∏Rr=1(qir · k)
∏5j=1 c j
, (3.1)
gµ1,µ2qi1µ3 · · ·qiR µR I
µ1···µR
5 =
∫ k2ddk
ipid/2
∏Rr=3(qir · k)
∏5j=1 c j
, (3.2)
etc. Eqns. (3.1) and (3.2) define the contraction of all tensor indices with chords
and the direct contraction of two tensor indices, respectively. These are obtained
in realistic matrix element calculations by constructing projection operators or by
constructing scalar differential cross sections (Born × 1-loop) before loop integra-
tion. As a result of these contractions the 1/()5 cancels already.
4To begin with, we have a look at
qaµ qbν I
µν
5 = (qa · I5)(qb ·Q0)−
5
∑
s=1
{
(qa ·Qs0)Is4−
5
∑
t=1
(qa ·Qst )Ist3
}
(qb ·Qs).(3.3)
For qn = 0, a = 1, . . . ,n−1, s = 1, . . .n
(qa ·Q0) =
n−1
∑
j=1
(qa ·q j)
(0
j
)
n
()n
=−
1
2
(Yan−Ynn) , (3.4)
(qa ·Qs) =
n−1
∑
j=1
(qa ·q j)
(
s
j
)
n
()n
=
1
2
(δas−δns) , (3.5)
and
(qa · I5) = E(qa ·Q0)−
5
∑
s=1
Is4(qa ·Qs). (3.6)
Further
(qa ·Qs0) =
1(
s
s
)
5
Σ2,sa , (qa ·Qst ) =
1(
s
s
)
5
Σ1,sta , (3.7)
where the sums Σ2,sa and Σ1,sta are given in [6]. Both are linear combinations of
(
s
s
)
5
and Kronecker-δ ’s, (δas−δ5s). Indeed the fact that there is no inverse ()5 anymore
is due to relations (3.4) and (3.5). The second scalar which can be constructed from
the tensor of degree 2 is gµν Iµν5 . Due to (2.4) we need to evaluate the following
scalar products:
(Q0 ·Q0) = 12
[(0
0
)
5
()5
+Y55
]
,
(Q0 ·Qs) = 12
[(
s
0
)
5
()5
−δs5
]
,
(Qs0 ·Qs) = −
1
2
δs5,
(Qst ·Qs) = 0. (3.8)
In this case the terms with 1/()5 cancel and, not surprisingly, the result finally is
gµν I
µν
5 =
Y55
2
E + I54 . (3.9)
5To calculate gµν Iµνλ5 we need gµν I
µν ,s
4 and thus further scalar products, see (2.10):
(Qs0 ·Qs0) =
1
2
(
s
s
)
5
[(
0s
0s
)
5
+2
(
s
0
)
5
δs5
]
+
1
2
Y55,
(Qs ·Qs) = 12
(
s
s
)
5
()5
,
(Qst ·Qs0) =
1
2
(
s
s
)
5
[(
ts
0s
)
5
−
(
s
s
)
5
δt5 +
(
s
t
)
5
δs5
]
,
(Qst ·Qst0 ) =
1
2
(
s
s
)
5
[
−
(
s
s
)
5
δt5 +
(
s
t
)
5
δs5
]
,
(Qst ·Qstu ) = 0, (3.10)
which yields
gµν I
µν ,s
4 =
Y55
2
Is4 + I
s5
3 +
δs5(
s
s
)
5
[(
s
0
)
5
Is4−
5
∑
t=1
(
s
t
)
5
Ist3
]
(3.11)
and finally
gµν I
µνλ
5 =−
Y55
2
5
∑
s=1
Is4 Q0,λs + I54 Q5,λ0 −
4
∑
t=1
I5t3 Q5,λt . (3.12)
It is remarkable that (3.11) is trivial again for s 6= 5. For s = 5, however, the
standard cancelation of propagators does not work and for this case (3.11) is indeed
a useful result. For further contraction of (3.12) with a vector qλ again (3.7) can
be applied.
4. Avoiding inverse 4-point Gram determinants
While in the above approach of taking scalar products of the tensors with
chords the inverse ()5 Gram determinant cancels already, there still remains the
inverse
(
s
s
)
5 sub-Gram determinant of the 4-point functions. Therefore we have to
choose a different approach for the case if the latter becomes small. This approach
consists in avoiding the inverse ()5 already in the 5-point tensors from the very
beginning and keeping only 4-point integrals in higher dimensions (i.e. integrals
with only powers 1 of the scalar propagators), which for small (s
s
)
5 should be eval-
uated in a different manner than by standard recursion, see [1]. If one does not
want to reintroduce the inverse ()5 to see the cancellation of the gµν , one can ex-
plicitely see its cancelation also after taking contractions. For the tensor of degree
2 we refer to [6] for the contraction with two chords. For the self-contraction of
6the tensor indices no simpler result than (3.9) can be achieved anyway. For the
tensor of degree 3 we present new results for the contraction with three chords and
a self-contraction.
The tensor can be written as follows (see [1] (4.35)-(4.37)):
Iµ ν λ5 =
5
∑
i, j,k=1
qµi q
ν
j q
λ
k Ei jk +
5
∑
k=1
g[µνqλ ]k E00k, (4.1)
with
E00k =
5
∑
s=1
1(0
0
)
5
[
1
2
(
0s
0k
)
5
I[d+],s4 −
d−1
3
(
s
k
)
5
I[d+]
2,s
4
]
, (4.2)
Ei jk = −
5
∑
s=1
1(0
0
)
5
{[(
0 j
sk
)
5
I[d+]
2,s
4,i +(i↔ j)
]
+
(
0s
0k
)
5
νi jI
[d+]2,s
4,i j
}
. (4.3)
Contraction of the tensor with three chords yields:
qaµqbν qcλ I
µ ν λ
5 =
4
∑
i, j,k=1
(qa ·qi)(qb ·q j)(qc ·qk)Ei jk
+
4
∑
k=1
[(qa ·qb)(qc ·qk)+ (qa ·qc)(qb ·qk)+ (qb ·qc)(qa ·qk)]E00k. (4.4)
Introducing Ya = Ya5 −Y55, Dsa = δas− δ5s and the following kinematical ob-
jects,
PI4 =
1
8
1(0s
0s
)
5
{(
s
s
)
5
[(
s
0
)
5
YaYbYc +
(
0
0
)
5
(YaYbDsc +YaYcDsb +YbYcD
s
a)
]
+
(
0
0
)
5
[(
s
0
)
5
(YaDsbD
s
c +YbDsaDsc +YcDsaDsb)+
(
0
0
)
5
DsaDsbD
s
c
]}
, (4.5)
PZ4 = PI4−
1
12
()5 {YaYbD
s
c +YaYcDsb +YbYcD
s
a} , (4.6)
PI3 =
1
24
()5(0s
0s
)
5
{
[YaDsb +YbD
s
a]
[(
0s
0s
)
5
Dtc−
(
0s
0t
)
5
Dsc
]
+(a↔ c)+ (b ↔ c)
}
,
(4.7)
we can write
7qaµqbν qcλ I
µ ν λ
5 =
d−2
8
()5(0s
0s
)
5
(δabδacδas−δ5s)(d−1)I[d+]
2,s
4 −
1(0
0
)
5
{
PI4 I
[d+],s
4
−PZ4 Z
[d+],s
4 +PI3 I
[d+],st
3 +
1
3
[
Σ1,sc Rab +Σ
1,s
b Rac +Σ
1,s
a Rcb
]}
+Fsabc, (4.8)
symmetric in the indices a,b,c and summation over s, t assumed. Here, the
Rab = −
1(0s
0s
)
5
{
1(0s
0s
)
5
Σ2,sb Σ
2,st
a (d−2)I
[d+],st
3
+
1(0st
0st
)
5
Σ2,stb
[
Σ3,sta (d−2)I
[d+],st
3 −
5
∑
u=1
Σ2,stua Istu2
]}
(4.9)
contains only 3-point functions and no inverse
(
s
s
)
5. Further,
F sabc =−
1
24
()5(0s
0s
)
5
(
s
0
)
5(0
0
)
5
[YcDsaDsb +YbD
s
aDsc +YaDsbD
s
c] (4.10)
is a rational term obtained from an ε-expansion. The fact that no scalar products
from (4.4) remain demonstrates that the gµν term has canceled.
For the selfcontracted tensor we obtain
qaλ I
µ λ
5,µ =−
1(0
0
)
5
5
∑
s=1
{
Σ1,sa
[
1+
1
2
1(0s
0s
)
5
((
s
s
)
5
Y55 +2
(
s
0
)
5
δs5
)]
+()5 (Ya5−Y55)δs5} I
[d+],s
4
−
1(0
0
)
5
5
∑
s,t=1
Σ1,sa
(ts
0s
)
5(0s
0s
)
5
Y55(0st
0st
)
5
[
d−2
2
(
st
st
)
5
I[d+],st3 +
1
2
5
∑
u=1
(
st0
stu
)
5
Istu2
]
+
δs5(0
0
)
5
5
∑
t=1
Σ1,sa
1(0s
0s
)
5
(0st
0st
)
5
{[(
0s
0t
)
5
(
st
st
)
5
−
(
ts
0s
)
5
(
st
0t
)
5
]
d−2
2
I[d+],st3
+
5
∑
u=1
[(
0s
0t
)
5
(
st0
stu
)
5
−
(
ts
0s
)
5
(
st0
0tu
)
5
]
1
2
Istu2
}
−
δt5(0
0
)
5
5
∑
s=1
Σ1,sa
1(0s
0s
)
5
(0st
0st
)
5
{[(
0s
0s
)
5
(
st
st
)
5
+
(
ts
0s
)
5
(
ts
0s
)
5
]
d−2
2
I[d+],st3
8+
5
∑
u=1
[(
0s
0s
)
5
(
st0
stu
)
5
+
(
ts
0s
)
5
(
ts0
0su
)
5
]
1
2
Istu2
}
+
1(0
0
)
5
5
∑
s,t=1
Σ1,sa
1(0s
0s
)
5
{[(
s
t
)
5
δs5−
(
s
s
)
5
δt5
]
d−2
2
I[d+],st3 −
(
ts
0s
)
5
1
2
Ist52
}
+
1(0
0
)
5
5
∑
s,t=1
[(
t
0
)
5
(δas−δ5s)−
(
s
0
)
5
(δat −δ5t)
]
I[d+],st3 . (4.11)
The first two lines of (4.11) contain complete double sums while the remaining
terms contribute only for specific values of s, t,u.
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